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SUMMARY 

i. The Poisson Bol tzmann equation is numerically solved for conditions 
approximat ing the surface of a lecithin membrane.  The Debye Hiickel approximation 
is not used. 

2. It  is shown that  potentials due to fixed dipole membranes  may  be large, with 
max imum field intensity and range comparable to those for fixed charge membranes.  

3. The variation of potential,  electric field, range of potential  and adsorbed 
charge with electrolyte concentrat ion and type is presented and compared with 
some published data.  

INTRODUCTION 

Lipid menlbranes ~ have been studied intensively in the last 8 years as sin> 
plified model systenls for the cell membrane.  Many of the phospholipids, which are 
common components  of biological 2 and artificial I membranes,  terminate in a hydro-  
philic group which has a permanent  dipole moment .  The behaviour of membrane -  
(or electrode-) solution interfaces with fixed net charge is relatively well understooda, 4, 
but  the case of fixed dipoles has not  received the same attention.  

Considerations of stabili ty suggest 5 tha t  lipid membranes  should have relatively 
low net surface charge densities; the behaviour of a membrane-solut ion interface 
with fixed dipoles is thus of some interest. HANAI el al. 6 have considered the potential  
profile for such an interface, and concluded tha t  the max imum potential  was relatively 
small (of order 2kT/c,  where the symbols have their usual meaning). However, their 
conclusion was based on a derivation which assumed V <  leT~e; the present work 
avoids this approximation.  

Calculations for dipole arrays which do not include the effects of counterions 
and  of the dielectric constant  of the aqueous mediumT,8,aT, as cannot supply informa- 
tion relevant to a membrane  solution system. 

Some authors have proposed models based in par t  on potential  profiles 9-n 
which do not appear  to derive from any calculation based on membrane  structure. 
The present work proposes a method whereby potential  profiles can be computed,  
even for systems of some complexity,  and examines the degree to which membrane  
properties can be predicted by this method. 

Biochim. Biophys. Acta, 203 (i97 o) 47-6L 
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THEORY 

The interface between an aqueous solut ion and a b i layer  membrane  of a polar  
phosphol ip id  (such as phospha t idy le thano lamine  or phosphat idylchol ine)  m a y  be 
a t )p rox imated  b y  a simplified model  to faci l i ta te  ma thema t i ca l  t r ea tmen t .  In the 
present  work we are concerned only with adsorpt ion  of ions to one interface,  since 
in terac t ions  across the  membrane  will be small.  The second interface will not  be 
considered,  l:ig. I i l lus t ra tes  the essential  features  of the hypo the t i ca l  in terface:  
the f a t t y  acid region x < o is ion- impermeable ;  the negat ive  (phosphate)  grout)s 
are located in and smeared uni formly  over  the  plane x o, and the posi t ive charge 
s imilar ly  in the plane x --  d; the  aqueous region .v > o is comple te ly  permeable  t .  
ions. The membrane  is taken  to have infinite dimensions in the v and : planes, the reby  
e l imina t ing  var ia t ion  of pa rame te r s  in o ther  than the .v-direction. 
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lgi g. I. Membrane model. The charge is assumed to be distr ibuted in two planes. The region 
.v-C ~ ) is impenetrable to ions, and ,r ::,() is fully penetral)le. 

In  t h e  a b s e n c e  of ions  t h e r e  will be  a p o t e n t i a l  clue to  t i le  c h a r g e  p l a n e s :  

l-0(x) 4:~ f , , ( d  .vl ( )  .- x . "  d 

I' 0(X) : () x >e l  

w h e r e  e is t i le  p e r m i t t i v i t y  of t h e  m e d i u m ,  f is t i le  f r a c t i o n a l  i o n i s a t i o n  ~f t h e  dipoh~ 

c h a r g e s  ( a s s u m e d  equa l ,  s ince  we are  c o n s i d e r i n g  t h e  case  of zero  ne t  cha rge ) ,  a n d  
.4 is t h e  a r e a  p e r  p h o s p h o l i p i d  molecu le .  

l ' h e  ions  in s o l u t i o n  will t e n d  to  r e d i s t r i b u t e  in res t )onse  to  t h i s  p o t e n t i a l ,  t h e  

c o n c e n t r a t i o n  of an  ion i of v a l e n c e  8~n; (3i = + I or  I ) b e i n g  g iven  b y  t h e  B o l t z m a n n  
d i s t r i b u t i o n  f u n c t i o n  

pi(X) ()i;;it.q(cJ2,) exp (,}H;v'l'(.v)/kT) (2) 

for a n y  p o i n t  x a t  p o t e n t i a l  1", w h e n  t h e  c o n c e n t r a t i o n  of ion i in t h e  s u b s o l u t i o n  is 

t'i (~)-  
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T h e  redistributed charge will lead to another component of the potential 
given by Gauss' law : 

4~ ~x i'Xp(x)dx (3) l'l(X) = v (1.1" J'~: 

The usual procedure", ~2 is to solve the resulting equation (the Poisson Boltzmann 
equation) analytically, for a uni univalent electrolyte, using the assumption eV < kT. 
However, there is reason to expect the potential in this case to exceed the thermal 
scale potential kT/e (2 7 mV at room temperature). Indeed in any svstem for which 
e V <  kT the electric potential will not significantly influence membrane processes. 
Consequently the use of a numerical technique is required. 

Attempted iterative solution of the equations led to failure to obtain conver- 
gence. However, a modified technique was devised, which arrives at a solution by 
a pseudo-simulation of diffusion of ions into the membrane vicinity. Essentially 
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F i g .  2. F l o w  sheet of the c o m p u t e r  program. The parameters  are RO, total charge sorbed; l ' S ,  
screening potential  due to charge ; V, total  potential  at each point  ; PF,' expected'  charge calculated 
from partit ion function,  ER ~ RO PF; O, c u r r e n t  u n i t  of charge for addition.  
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this  involves s ta r t ing  with the dipoles only,  and adding  charge pairs  (which con- 
venient lv  satisfies the macroscopic  e lec t roneu t ra l i ty  condition).  For  each charge 
add i t ion  the par t i t ion  funct ion for each ion (Eqn. 2) and the po ten t ia l  are calcula ted 
for a large number  of points ,  and  the posi t ive and negat ive  charges are added  at  
the points  which respect ive ly  have the largest  posi t ive and negat ive  d iscrepancy 
between ' expec ted '  charge and charge a l ready  added  (i.e. m a x i m u m  and min imum 
values of PF-  RO, see Fig. 2). This technique has the  fur ther  mer i t  t ha t  it can be 
used for the  case of mixed  electrolytes .  

The calcula t ion was perfor ined on an IBM 36o/65 compute r ;  the p rogram is 
i l lus t ra ted  in Fig. 2. Af ter  each block of 2ooo charge pairs  has been added  the charge 
densi ty ,  po ten t ia l  and residual  error  functions are p lot ted .  Tiffs was found to be neces- 
sa ry  for d iagnost ic  purposes,  since it p roved  qui te  complex to obta in  convergence 
within a reasonable  t ime. Convergence t ime and accuracy  were g rea t ly  improved  
by  s t a r t ing  with a sui table  large value for the added  charge units,  and reducing 
this one or more t imes  as the solution is approached.  The methods  of selection of 
the charge unit  value,  and  of de te rmin ing  the op t imum stage at  which to reduce 
this value,  are not  ind ica ted  as they  are complex and empirical .  In general  the 
values used affected accuracy  and execut ion t ime, but  not  the  final result.  

Dur ing  the ini t ia l  s tages of each calculat ion more charge m a y  be added  at  
some points  than  is war ran t ed  in the final solution. This is au toma t i ca lh '  accounted  
for, since charge of opposi te  sign is subsequent ly  added  at such points ;  only the net  
charge is considered dur ing this computa t ion .  

To achieve sufficient accuracy,  the region o < . v <  d was d iv ided  into IOO 
par ts ,  represented  as points  a t  which the pa rame te r s  are calculated.  An expanded  
scale was used for x > d (where the potent ia l  and charge dens i ty  va ry  lnore slowly). 
The calculat ion does not  converge correc t ly  if charge is added  at  the most  ex t reme 
point ,  so three  s tages of scale expansion were necessary (see l:ig. i) ,  to give a m a x i n m m  
range of 35oo A with a to ta l  of only 4oo points.  In no case considered is the  charge 
dens i ty  significant (within residual  error) at  this range. The residual  error is typ ica l ly  
less than  2" zo 4 of the  max inmm charge densi ty .  

Fron! the final solution the concentra t ion  of each ion was ca lcula ted  for each point.  

A ssumptio~zs 
The assumpt ions  on which this ca lcula t ion is based require deta i led  considera-  

tion to clar i fy the  in t e rp re t a t ion  of the results.  
There is subs tan t i a l  evidence la 1~ to suppor t  a value of a p p r o x i m a t e l y  5 o A" 

for the l imit ing area  of a lecithin molecule with s a tu r a t ed  hydrocarbon  chains. 
Similar ly ,  the  spacing between the charge centres  of an ex tended  polar  group m a y  
be t aken  as d 5 A (refs. z6, I7). 

The degree of ioniza t ion  of tile charged groups will depend subs tan t i a l ly  on the 
pH and ionic composi t ion of tile solut ion a. Thus the  ionizat ion is best  descr ibed by  
assigning a pKa value to each group'S;  but  this approach  does not  permi t  solution 
1)\, the  present  technique,  as the charges (both fixed and counterionic) can no longer 
be assumed equal.  F o r t u n a t e l y  there is some evidenceS, a9 tha t  both  posi t ive and 
negat ive  groups will be fair ly s t rongly  ionized, pa r t i cu la r ly  in the case of phospha t i -  
dylchol ine.  The value assumed (8o °o unless otherwise s tated)  should be conservat ive  
in this  case. 

t~iochim. 13iophys. A cta, 2 o  3 ( I ~7  oj 47  -01 



SORPTION AND POTENTIAL OF A MODEL MEMBRANE 51 

The or ien ta t ion  of the  polar  groups is a m a t t e r  of controversy.  Al ignments  
both perpendicular20, 21 and parallel22, 23 to the  membrane  have been suppor ted .  A 

d i s t r ibu t ion  of or ien ta t ions i<  24 appears  a more real is t ic  proposal .  In this  case the  
mean spacing between charge planes could be a function of the  q u a n t i t y  of charge 
adsorbed  21,2a. However ,  for s impl ic i ty  full extension in the perpendicu lar  direct ion 
has been assumed ; this  is p robab ly  a reasonable  app rox ima t ion  af ter  addi t ion  of ions, 
which reduce the  e lec t ros ta t ic  free energy of this configurat ion substant ia lh , .  One 
of the best  indicat ions  of the ac tua l  or ienta t ion  is perhaps  the degree to which men> 
branes a p p r o x i m a t e  the  behav iour  pred ic ted  on this basis. 

I t  is usual  in double- laver  calculat ions for charged surfaces to app ly  a correct ion 
(the STl~RX ~5 correction) represent ing the inabi l i ty  of ions to approach  the surface 
to wi th in  an a rb i t r a r i ly  small  dis tance,  due to their  finite size. In the present  case 
the  surface is not  ve ry  well defined, but  will p re sumab ly  correspond subs tan t i a l ly  
to the  interface between the glycerol  backbone  and ti le aqueous medium,  which 
is a p p r o x i m a t e l y  I A to the  left ( F i g .  I )  of the  plane of the phospha te  groups. This  
is of the  same order  as the  radii* of Na +, K -  and Ca 2-, suggest ing tha t  the problem 
can be convenien t ly  simplified by  t ak ing  the plane of closest approach  at  .v ~ o 
a s  s h o w n .  

Due to avoidance  of tile Debye  H(ickel approx imat ion ,  t i le ca lcula ted charge 
dens i ty  at  points  of high poten t ia l  ( V -> kT/e) m a y  be very  large. To el i lninate  
phys ica l ly  r idiculous values of the ( 'harge dens i ty  a m a x i m u m  was establ ished,  
a rb i t r a r i ly  t aken  as 25 M for un iva len t  ion. This is of the order  of half the concentra-  
t ion of a toms  in solid Na. I t  is c lear ly a dubious  procedure  to use the te rm 'concen- 
t r a t ion '  when discussing dimensions < I ~St, especial ly when it is very  difficult to 
define a b o u n d a r y  for con ta inment  of the  charge. This quest ion will be discussed 
la te r ;  it will be es tabl ished tha t  for most  purposes  the m a x i m u m  value assumed 
is not  cri t ical  over  a wide range. 

The value assumed for the dielectr ic cons tan t  of t i le aqueous medium was 
4 o. This is a p p r o x i m a t e l y  half the value for water  near  room tempera tu re ,  but  due t() 
sa tu ra t ion  m a y  be as much as double  the value appl icable  in the  high field region 
between the charge planes26, eT. The compromise  value was selected to avoid  the  
added  compl ica t ion  of using a dielectr ic  cons tan t  which was a function of posi t ion 
(or of po ten t ia l  gradient) .  The ma jo r  effect of this compromise  is to subs tan t i a l ly  
underes t ima te  the  ini t ial  po ten t ia l  due to the charge planes.  This error  is increased 
somewhat  due to the  pa r t i a l  (up to 25 %) filling of the region o < :r < d bv the 
methy lene  groups (@ the calculat ion by  SALt-,X127 for l ipid prote in  interact ion) ,  
which at  fixed or ienta t ion  will have a low dielectr ic  constant .  The error  due to the  
underes t ima te  of dielectr ic  cons tan t  for .r ~'> d is discussed later .  

The consequences of finite size of a dipole a r r ay  have been examined2S, s. However ,  
if the  dielectr ic cons tant  of the  medium and the screening effect of the ions in solut ion 
are p roper ly  taken  into account ,  finite a r r a y  size does not  have a significant effect 
over  the  dimensions of interest .  Thus the calculat ion for a membrane  infini tely 

* A l t h o u g h  t h e s e  ions  wi l l  p r e s u m a b l y  r e t a i n  m o s t  or  a l l  of t h e i r  f i rs t  h y d r a t i o n  shel ls ,  t h e  
e n e r g y  a s s o c i a t e d  w i t h  t h e  p o s i t i o n  of a n  ion  in  t h e  e l e c t r i c  field is m u c h  g r e a t e r  t h a n  t h e  e n e r g y  
of r e a r r a n g e m e n t  of t h e  w a t e r  m o l e c u l e s  a b o u t  t h e  ion.  T h u s  t h e  w a t e r  s h o u l d  n o t  i m p e d e  c lose  
a s s o c i a t i o n  of t h e  ion w i t h  t h e  p h o s p h a t e  g r o u p s  a n d  t h e  g lyce ro l  b a c k b o n e ,  a n d  t h e  ion  wi l l  
p a c k  as  t h o u g h  n o t  h y d r a t e d .  

Biochim. Biophys. Acta, 2o 3 (197o) 47 61 
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extended in the v-z plane should be applicable to any system which can be approxi- 
mated  as planar  over dimensions > IO ~ cm. 

The assumption that  the charges are slneared over two planes is necessary to 
reduce the problem to a sufficient degree ()f simplicity to pernfit computat ion.  However, 
since the interdipole spacing is of the same order as the zwitterion separation within 
a dipole, this is evidenth" a poor approximation.  The electric field components  
E~/ and Ez will in fact be substant ia l  in the vicini ty of the dipoles, l :urthermore,  
even to consider the fixed charges as points would be ctearh' erroneous, as the zwit- 
terion radii suln to approx. 5 :\ (ref. 27). Infinite divisibil i ty of the ions, and distri- 
but ion without  regard to ion dimensions ()r stereochemistrv of the polar groups 
are also subs tant ia l  approximations.  

However, the major  factor determining the potential  near the lneinbrane is 
the dis t r ibut ion of negative charge for .r > d. At a distance from the dipoles the 
above approximat ions  are quite good. Divisibil i ty of the ions can be approximated 
by spatial redis tr ibut ion of ions ()f opposite sign, in contrast  to the dipole region 
where effeet iveh only ions of one sign will be present at a given value of x. 

As a e()nsequence of the above approximat ions  the results are at best related 
to the probabi l i ty  of finding an ion as a function of distance from the membrane.  
This should be sufficient to achieve the stated purpose. 

RESULTS 

The potent ia l  as a funct ion (Jf distance from the negative chalge plane Js shown 
in Fig. 3 for two different electrolytes, and for the ion-free case. The lat ter  is shown 
only to indicate the initial  condit ion for the calculation, since even the best distilled 
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Fig. 3. Potential profile for two electroh'tes compared with the initial potential. The electrolytes 
are [o mM bi-univalent and uni-univalent, illustrating the greater screening by the former. 

Fig. 4. A typical calculated charge density profile, showing separately the sorl)ed positive and 
negati x'e char~es 
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SORPTION AND POTENTIAL OF A MODEL MEMBRANE 5 3  

water will contain sufficient ions (including H ÷ and OH-) to substantially modify 
the potential. The greater screening effect of the divalent cation is clearly demon- 
strated; in this  case the  magn i tude  of the  m a x i m u m  posi t ive  po ten t i a l  has become 
grea te r  than  t ha t  of the  negat ive  potent ia l .  

A ca lcu la ted  ion dens i ty  for a o.z M uni un iva len t  e lec t ro ly te  is shown in 
Fig. 4. Poin ts  of in teres t  are the m a x i n m m  charge dens i ty  cu t t ing  off the very  s teep  
rise near  .v --  o, the lower charge dens i ty  at  .v = el, and the v i r tua l  exclusion of 
anion from the v ic in i ty  of the negat ive  charge plane and conversely for the  cation. 
The ra t io  of posi t ive to negat ive  charge is shown more clearh, in Fig. 5, which i l lus t ra t -  
es a typ ica l  resul t  for a mixed  e lect rolyte ,  with charge dens i ty  p lo t t ed  on a logar i th-  
mic scale. The reduced dens i ty  of posi t ive un iva len t  ions near  x - -  o is a consequence 
of compet i t ion  from the d iva len t  ion. Despi te  a Io-fold lower concent ra t ion  in the  
solution,  the  d iva len t  cat ion is p redominan t  in regions of potent ia l  lower than  
- -  62 mV(- -2 .  3 kT/e). 

Calculat ions were made  for a va r ie ty  of e lect rolytes  over  the  range of in teres t  
for var ious  aspects  of membrane  studies.  The results  are summar ized  in Figs. 6 Io. 
The mixed  electrolytes  are composed of the ind ica ted  ion at  var ious  concentration.~ 
in a o.I  M uni -univa len t  sal t  solut ion (represented as "A") .  In these cases the curves 
t end  at  low addi t ive  concent ra t ion  to an a s y m p t o t e  shown as a dashed line. 

The m a x i n m m  poten t ia l  is defined as the  poten t ia l  at  . v -  d; s imilar ly  the  
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Fig .  5" C h a r g e  d e n s i t y  prof i le  for a m i x e d  e l e c t r o l y t e .  The  c h a r g e  d e n s i t y  sca le  is l o g a r i t h m i c  t(> 
i n d i c a t e  m o r e  c l e a r l y  t he  l a rge  c h a r g e  c o n c e n t r a t i o n  r a t i o s  b e t w e e n  a n i o n s  a n d  c a t i o n s  a t  p o i n t s  
of l a rge  p o t e n t i a l .  

Fig.  6. P o t e n t i a l  a t  .r = d vs. e l e c t r o l y t e  c o m p o s i t i o n .  ' A '  is o . i  M u n i - u n i v a l e n t  e l e c t r o l y t e .  
O ,  is  + ,  - (left h a n d  sca le ) ;  V,  is 2 ~ ,  - ( r i gh t  h a n d  sca le ) ;  ± ,  is  2 ] - ,  i n ' A '  (left h a n d  
sca l e ) ;  LI, is  2 + ,  2 -  i n ' A '  (left  h a n d  scale) .  
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m i n i m u m  potent ia l  is at x = o. The range is arbi t rar i ly  taken as the distance from 
x d at which the potent ia l  is half maximum.  Since the potent ia l  does not  follow 
any  simple function,  the range as defined does not  accurately indicate the behaviour  
at a n \ '  other point,  but  is merely a useful basis for comparison of the influence of 
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Fig. 7. l 'otential  at  x = () us. electrolyte composit ion.  'A '  is o.[ M uni-univalent  electrolyte. 
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Fig. 8. Dependence o f  the range of the potential  o n  electrolyte composit ion.  Range is defined 
as  the distance in )k from x d for the potential  t o  reduce l>y 50%. 
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Vig. O. Variation of electric field intensi ty with distance fr(m~ the posit ive charges (x = d) for 
three hi-univalent  electrolytes. 
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various electrolytes. The long-range behaviour is bet ter  represented in Fig. 9, which 
shows the electric field as a function of distance from the positive charge plane, for 
three concentrat ions of bi-univalent salt. I t  is evident tha t  low concentrat ions 
may  produce substantial  fields up to several hundred ~ from the membrane.  

The sorbed charge (Fig. IO) is defined as the total positive charge in the region 
of negative potential,  less the quan t i ty  in an equal volume of bulk solution. Also 
shown in this figure are the sorbed charge at t r ibutable to the univalent cation in a 
mixed electrolyte, and the extra bivalent cation sorbed due to the presence of the 
uni-univalent salt. 

o 

0 . 5  

~ l0 20 ~0 

Distonce from Negative Charge Plone (~) 

o. o, i V  .... 
L _  Conoentl'otion (M) 

Fig. l o. Total sorbed positive charge vs. electrolyte composition. 'A '  is o. I M mfi-univah'nt elec- 
trolyte. ]:i]led squares, sorbed univalent cation f r o m ' A '  ph(s h~dicated concentration of bi- 
univalent electrolyte; filled circles, e×tra bivalent cation sorbed due to the addition of o.i M 
uni-uilJv~dent electrolyte to the indicated concentration of bi-univalent electrolyte. 

Fig .  ~ .  In f luence  of t he  d i e l e c t r i c  c o n s t a n t ,  ~, of t h e  s u b s o l u t i o n  (.v > 5 -~) on  t h e  p o t e n t i a l  
profi le .  

I )ISCUSSION 

The results in Figs. 3 io  demonstra te  tha t  ion dipole interactions can 1)e 
expected to control in a quite complex manner  the local potential  profile and the 
sorption of ions (particularly cations) for subsolution concentrat ions in the physiolog- 
ical range. Since lecithin membranes  are studied under a wide variety of conditions 
it is unlikely tha t  these part icular  calculations will be directly relevant to m a n y  
cases of interest. Their usefulness lies in indicating the type  of behaviour tha t  can 
be predicted from this model, and establishing tile limitations of the model. 

Some of the limitations due to mathemat ica l  idealisations have been discussed 
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in an earlier section. I t  is possible to determine the sensi t ivi ty of the results to some 
of these assumptions by performing calculations for different conditions. 

A more realistic dis t r ibut ion of dielectric constant  with distance from the 
membrane  is e 4 ° (see earlier) for o < . v<  5 A and e = 8o (the value for bulk 
water 29) for 5 A < x < a .  A typical  potent ial  profile for this regime is shown in 
Fig. I I  compared with the corresponding simpler case (e 4 o, o < x < ,~) in the 
charge plane region. The m a x i n m m  and min inm m potentials  are little affected, but  
the range is almost doubled. This suggests tha t  the calculated range (Fig. 8) is conser- 
vat ively small, but  tha t  other parameters  are insensitive to variat ion of the assumed 
dielectric constant  in the region .v >- 5 : \ -Th i s  lack of sensi t ivi ty reflects the negative 
feedback na ture  of the sorption phenomenon,  together with the large "gain"  provided 

bv the exponent ia l  factor (Eqn. 2). 
Similarh" the potentials,  the sorbed charge and the range are not greatly 

influenced by variat ion in the assumed maximuin  charge density (Fig. I2). The 
case i l lustrated is the most critical in the range computed;  the sensi t ivi ty will be 
much greater for the reduced area model discussed later, but  in this case a less arbi- 
t ra ry  value of the max i lnum charge densi ty  is available.  

In real membranes  a number  of further factors inust  be considered. Phospholip- 
id bilayer membranes  frequently contain cholesterol and hydrocarbon in addi t ion 
to one or more phospholipid components.  The position of the cholesterol and hydro- 
carbon is probably simply intersti t ial ,  promoting closer packing of the hydrocarbon 
interior, but  with increased area per phospholipid head group ~s. Many of the common 
head groups are not  dipoles, and few studies are restricted to those with only dipole 

components .  

i r / x , &  co 2÷ 

5oo 0 , • ~o+ 

.sv i 
(rnV) ! 

, j 

/ " I 

- / I 

i 
! 

/ ! 
/ I 

/ / I  / 

/ 
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+ i 4OO / / 

0.65 ' ~ "  ] 
/ 

350 ~- ~ ~ . . . .  
_ t . . . . . . . . .  - 4  -3 

o 0o5 ol  
(pine,} J (litre/mo;e} LOg (Cation Concentrotion (M)) 

Fig. 12. Sensitivity of the potential, sorbed charge and range to the assumed maximum charge 
densitv. Solid symbols refer to the left hand scales, and open symbols to the right. The value 
used t'or all calculations (unless otherwise stated) is t/pmax o.o4. 

Fig. 13. Comparison of published data for the surface potential of dipalmitoyl lecithin mona- 
layers (from ref. 2I, open symbols) with the equivalent calculated values (solid symbols), assu- 
ming an internal dipole potential I." o 600 inV. 
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Monolayer studies indicate that  the surface pressure of the film can influence 
tile surface potential 21 and ion sorption 19. Furthermore, the surface pressure or area 
per molecule may be modified in turn by the presence of ions, particularly polyvalent 
cationslg,30m. While this may  not cause very large changes in the area per molecule 
it is possible that  small changes could have a profound influence if for any reason 
head group spacing is critical. For example, the layer of water near the membranes 
will certainly be highly ordered (ice-like), and the lattice dimensions of ice are com- 
parable to the head group spacing, as are the dimensions of hydrated ions. Steric 
factors have been neglected throughout, but could conceivably be of paramount 
importance in some cases (e.g. see discussion of the role of cholesterol by VANDEN- 
HEUVEL 15 and suggestions by SHAH AND SCHULMAN 21,14 for membrane Ca 2+ inter- 
action). One aspect of this problem is considered in more detail below. 

Two properties of lipid monolayers which have received considerable attention, 
and which should be reasonably comparable to tile corresponding bilayer properties, 
are ion sorption (detected via enhanced fl-emission from 45Ca2+ in tlle subsolu- 
tioulT,~a,~9,28,32) * and surface potential (usually measured with a radioactive elec- 
trode ~4,21 or a vibrating plate electrometer3°). 

Comparison with this data is of course subject to the limitation that  a mono- 
layer cannot be equated with half a bilayerig; in fact the molecular organization 
may be quite different. In particular, the surface energy of the internal fat ty  acid-- 
fat ty  acid interface(s) is the basis of the stability of the bilayer structure 3~. A further 
factor for consideration, in interpreting the surface potential measurements, is the 
possible contribution from polar and polarizable bonds in the glycerol backbone 
and fat ty acid chains~4; this contribution may be quite large, so that  the absolute 
magnitude of measured potentials will not relate directly to the ion sorption com- 
ponent. However, changes in surface potential with variation of electrolyte concen- 
tration should be largely attr ibutable to sorption of ions and so can be expected to 
compare with potential changes calculated in this work. 

The surface potential of lipid monolayers has been the subject of a number of 
experimental studies. In most cases, the data are such that  comparison with the 
present work is not possible. However, SHAH AND SCHULMAN 21 have measured the 
surface potential of synthetic phosphatidyl(dipalmitoyl)choline at 50 A 2 per molecule, 
pH 5.6 and 25 °, as a function of the concentration of NaC1 and CaC1, 2 in the subsolu- 
tion. 

Their data  are compared in Fig. 13 with the calculated values of 

~11 1"(o)- V(oo) + V 0 (4) 

where V 0 (arbitrarily taken as + 600 mV for comparison) represents the contribution 
from internal dipoles mentioned above. The value of V 0 required to superimpose 
tile curves has the correct sign and order of magnitude. Apparently the general 
trends and the difference between CaC12 and NaC1 are adequately represented by tile 
model, although the experimental lines show more curvature. 

Ion sorption can be profoundly influenced by pH (ref. 28), lipid composition ~a, 

- -  - Z l ~ a s  been  s u g g e s t e d  21 t h a t  t h e  d e p l e t i o n  of c a t i o n s  o v e r  t h e  r e g i o n  of p o s i t i v e  p o t e n t i a l  
m a y  l ead  to  a s u b s t a n t i a l  u n d e r e s t i m a t e  of s o r b e d  Ca  ~+ in  m e a s u r e m e n t s  b y  t h i s  m e t h o d .  T h i s  
is n o t  s u p p o r t e d  b y  t h e  p r e s e n t  c a l c u l a t i o n ;  in  a l l  cases  t h e  d e p l e t i o n  w a s  less  t h a n  io°,o of t h e  
s o r p t i o n .  
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degree of s a tu ra t ion  of t i le f a t t y  acid chains a<x4, and  the surface area  per l ipid mole-  
cule 19. In  most  studies,  one or more of these var iables  is unknown,  or outside the  
range of the  present  work. 

KIMIZUKA AND KOKETSt 'a2 have s tud ied  adsorp t ion  of 4aCag+ onto d ipahn i toy l  
lecithin monolayers  a t  60 A 2 per molecule. This work should be comparab le  wi th  
the present  calculat ions,  a l though the higher  area  per molecule would give rise to 
a lower ini t ia l  po ten t ia l  g rad ien t  due to the  dipoles. However,  their  measurements  
indicate  sorpt ion of one Ca 2~ per two lipid molecules for concent ra t ions  in the sub- 
solution grea ter  than  i raM. This cont ras t s  with a ca lcula ted  value of o.3 Ca 2+ per 
two l ipid molecules at  this  concent ra t ion  (Iqg. io).  

This d i screpancy  i l lus t ra tes  a subs tan t i a l  l imi ta t ion  of the  me thod  of calcula- 
t ion;  it  is a poor app rox ima t ion  to regard  the membrane  as a fixed s t ruc ture  when 
considering sorpt ion of po lyva len t  ions. The poin t  is fur ther  emphas ized  by  the 
predic t ion  t ha t  addi t ion  of Ioo mM NaC1 should enhance sorpt ion of Ca 2+ over  the  
concent ra t ion  range o.I IOO mM (lqg. IO), con t ras ted  with the  wel l -documented  phe- 
nomenon of Ca 2 +- d i sp lacement  bv NaCP a, ~9,2s. SHAH AND SCHULMAN a4 have proposed 
tha t ,  p rov ided  the monolaver  is in a l iquid s ta te ,  the l ipid molecules rear range  in 
order  to share a (;a 2. between two ad jacen t  phospha te  groups. The ini t ial  po ten t ia l  
der ived using the charge plane model  is i nappropr i a t e  for a lnembrane  with such 
dipole pa i r  ordering,  or indeed for any  non-uniform d is t r ibu t ion  of dipoles. 

I t  is possible to a d a p t  the calculat ion to some degree to include this concept .  
The local field of two polar  groups,  b rought  into close p rox imi ty  by  a Ca 2~, <:an be 
represented  s imply  by  the field for some reduced value of the area  per l ipid molecule 
in te rms of the original  model. This should in fact  be a be t t e r  app rox ima t ion  for 
the  region between the ad jacen t  polar  groups,  due to the grea ter  ra t io  of "charge  
p lane"  separa t ion  to dipole spacing (lqg. I4). 

The reason for the observed a2 m a x i m m n  Ca '~' to l ipid molecule ra t io  of I : 2  
is then qui te  clear. The electric field (and thus  the  potent ia l )  in the more open areas 
between pairs  will be grea t ly  reduced,  so tha t  sorpt ion of ions in these areas will 1)e 
re la t ive ly  insignificant.  Thus a ra t io  grea ter  than  I : 2  requires more than one Ca 'e ~ 
between some of the dit)ole pairs .  In the avai lable  volume, two ions would be very 
close or in contact ,  leading to p roh ib i t ive ly  large repulsion forces. Considerat ion of 

Charge Planes 

' l . ,~' l  

I;'o 
® ® 

X 

Fig. ~4" Modified model using local 'charge planes' of reduced area to approxinmte the electric 
field due to dipoles paired by sorption of Ca ~ . 
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the local potent ia l  profile for a region with two Ca 2+ leads also to a small negative 
potent ial  at the sorption site, which is energetically unfavourable .  

Calculations using a reduced area per dipole to determine the init ial  potent ia l  
indicate tha t  one Ca 2+ is sorbed per two lipid molecules at I mM subsolution concen- 
t ra t ion for a local area per dipole of 3o A". Of course the above mechanism l imit ing 
the sorption to this value is in no way implicit  in the mathemat ica l  t rea tment ,  
which may  add fractions of an ion. Consequently the predicted concentrat ion increases 
for higher subsolution concentrat ions (Fig. 15). 

1,25 i L 
Ionlzat~on 100% / 

Head Group Area = 30~  2 / 

/ 

1,0 

0,75 

% 

= 

u 

-5 

o_ 

L) 

0.~ I I 
-5 -4 "3 -2 

kOglo (C(] ~'+ concentration (M)) 

Fig. 15. Predicted sorbed Ca 2+ vs. concentration using the reduced head group area model. The 
sorbed charge has the correct magnitude at i mM for a reasonable value of the effective area, 
but does not linlit at this value in contrast with experimental results. 

Dis t r ibut ion of one Ca 2- over a volume defined by the high field area (30 A2), 
within tile favourable  potent ia l  region, leads to a m a x i n m m  concentrat ion of 12.5 M 
(the value used in the above computat ion) ,  which lies near one extreme of the range 
evaluated  in Fig. 12. The arb i t ra ry  na tu re  of the boundaries  has of course become 
even more evident  in this case. However, it is of some significance to express the 
degree of sorption as a local concentrat ion,  since both the above value, and the 
value assumed for the earlier calculations (25 M) greatly exceed the usual  water 
solubilities of salts of Ca and Na (solubility of NaC1 at o ° is 6.1 M (ref. 35)). 

The solubil i ty of a salt is dependent  on the solubilities of the individual  ions. 
i n  normal  circumstances solution of a salt requires tha t  the anions and cations be 
dis t r ibuted in the same volume; i.e. a un i -un iva len t  salt will have anions and cations 
present in equimolar  concentrat ions.  We have for NaC1 the solubil i ty product  

iNa'] LCI-j - 6. i 2 (5 a) 

where LNa+j - [CI : (5 b) 

Fig. 4 clearly i l lustrates tha t  this s i tuat ion does not  obtain at a membrane  
interface, where tim solution of a q u a n t i t y  of Na + in a small volume at the surface 
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enta i l s  t he  so lu t ion  of an equa l  q u a n t i t y  of C1 d i s t r i b u t e d  in a much  la rger  vo lume .  

E q n .  5a stil l  appl ies ,  if i t  is a s sumed  t h a t  t he  c o n c e n t r a t i o n  of each ion is c o n s t a n t  

,~ver a def ined v o l u m e  (for a r igorous  t r e a t m e n t  a m u c h  more  c o m p l e x  ca lcu la t ion  

i n v o l v i n g  the  e n e r g y  of t he  whole  ion d i s t r i bu t ion  is requi red) .  For  example ,  if t h e  

('1 is a s s u m e d  to  be conf ined  to a region where  i ts  c o n c e n t r a t i o n  is on ly  3 M, t he  

N a  so lub i l i ty  will  be lNa  + ] 6 . r ' z / 3 . o  - -  12.  4 M. 

The  a p p r o x i m a t i o n  also neglec ts  t he  energ ies  of i n t e r ac t i on  bo th  be tween  ions 

and  wi th  t he  d ipole  po t en t i a l ,  which  will be cons iderable .  H o w e v e r ,  the  e x a m p l e  

se rves  to  show t h a t  the  m a x i m u m  c o n c e n t r a t i o n  of an ion near  a m e m b r a n e  is not  

l imi t ed  to t he  so lub i l i ty  of t he  sal t  used. This  p r o p e r t y  has  also been d e r i v e d  from 

m e a s u r e m e n t s  of lag t i m e  for diffusion of Na  - t h r o u g h  m e m b r a n e s  aG. 
The  ca lcu la t ion  for r educed  po la r  g roup  area  invo lves  use of ..t : 3 o A 'z for 

v - :  5 A whereas  e v i d e n t l y  .1 5o A 2 is r e q u i r e d  for large .v, where  the  field m u s t  

be un i fo rm.  The  a r r a n g e m e n t  used  was to d i s t r i bu t e  the  field (and charge)  u n i f o r m l y  

in 3o A e for x <2 5 A and in 5o A" for .v > 5 A. The  resul ts  are qu i t e  insens i t ive  to  

this  ap t ) rox ima t ion  and  d i s c o n t i n u i t y  ; indeed,  the  A 3 ° A '~ region m a v  be e x t e n d e d  
to .v x~. w i t h o u t  subs t an t i a l  effects. This  resul t  sugges ts  t h a t  mode ls  exh ib i t i ng  

i l ahomogenei ty  in the  v : p lane  m a y  be ca lcu lab le  us ing an ana logous  t echn ique ,  

wi th  d i f fe ren t  regions  coup led  to a c o m m o n  subso lu t ion  ,,ia such d i scont inu i t i es .  

This  m e t h o d  is c u r r e n t l y  u n d e r  i nves t iga t ion .  
In conclus ion ,  t he  mode l  appea r s  to p re sen t  a more  va l id  and useful  a p p r o a c h  

to ion m e m b r a n e  i n t e r ac t i ons  t h a n  does t he  ' ion b ind ing '  concep t ,  a l t hough  the  

l a t t e r  ('an q u a l i t a t i v e l y  inc lude  s ter ic  factors  which are  difficult  to i nco rpo ra t e  in 

the  d i s t r i l m t e d - c h a r g e  model .  The  ca lcu la t ion  ind ica tes  t h a t  the  resul ts  of ion 

m e m b r a n e  i n t e r ac t i on  can be qu i t e  complex ,  even  wi th  a v e r y  s imple  model ,  and 

t h a t  i n t u i t i v e  concep t ions  of the  po t en t i a l  profile and ion sorp t ion  m a y  be in error.  

Some  fea tu res  of the  mode l  sugges t  t h a t  mod i f i ca t ion  to more  a d e q u a t e l y  accoun t  

for d ipole  pa i r ing  and ion c o m p e t i t i o n  effects should  be possible.  
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